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1.2 Sobolev space

1.2.1 Integral, metric and partition of unity

The main purpose of this note is to study the differential operator. In Defi-
nition 1.1.14, a differential operator is a linear map

P:¢®(M,E) — €=(M,F). (1.2.1)

Once we see the linear map, the want to use the linear algebra, the matrix
theory to study it. Unfortunately, in general, €>°(M, E) and € (M, F) are
infinite dimensional vector space. The tool of studying the infinite dimen-
sional vector spaces is the functional analysis. So naturally we plan to use
the functional analysis to study the differential operator. In order to use the
functional analysis, we firstly need to define an inner product on ¢*°(M, E)
and extend it to the Hilbert space. After all, the theory of functional analysis
we know for the undergraduates are based on the Hilbert space.

How to define a Hermitian product on (M, E)?

We first study it for M = R", E = C. For f,g € €°(R",C), the classical
Hermitian product is defined by

Gy = [ F@)- g@dv.. (1.2.2)
Rn

Note that the right hand side of (1.2.2) might be infinity. We denote by
1F11Z2 = (f, ) (1.2.3)
Let L*(R") be the completion of the set {f € €°(R",C) : ||f]lzz < +oo}

with respect to the norm || - ||z2. It is a Hilbert space.
Let the support of f, supp(f), be the closure of

{r eR": f(z) #0}. (1.2.4)

We denote by 65°(M, C) be the set of smooth functions with compact sup-
port. It is easy to see that €5°(M,C) C L*(R™). Moreover, we all know that
the completion of §°(M, C) with respect to the norm || - |12 is L*(R"). Sim-
ilarly, we denote by €5°(M, E) be the set of smooth sections with compact
support.

The next step is to define the Hermitian product on €*°(M,C) and
L*(M). Naturally, we want to follow the definition in (1.2.2). The prob-
lem is

How to define the integration on a manifold?
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As in (1.2.4), for f € €>°(M,C), we define
supp(f) :={x € M : f(x) # 0}. (1.2.5)

For a chart U; of M, if supp(f) C Uj;, naturally, we can define

/fdv = [ fo¢; (x)dv). (1.2.6)
M R

As usual, we need to check it for another chart. If supp(f) C U; NUj, in
chart U;, by coordinate transformation formula,

foot(w)dv?) = [ fog; (¢i(x))|det(dyy)|dv
R’I’L ]Rn
— [ fogit@)det(®,)dut. (12.7)
RTL

The annoying term |det(®;;)| prevents us defining the integral over a man-
ifold in a natural way. We overcome it with the same method as the vector
field: glue them by a transformation relation together to get a vector bundle,
then take the section to do things.

Definition 1.2.1. We define the density bundle |A| over M by the transition
function W;; = | det(®;;)|~*. It is a 1-dimensional real vector bundle.

Then the integral over M could be defined as a linear form
/ c6y° (M, |A]) — R. (1.2.8)
M

This idea is reasonable. But it is a little abstract. So we’ll not go this
way.

From (1.1.29), if all det(®;;) > 0, we see that [A| = A"T*M. We are
familiar with A"T*M. So we are shamed to assume in this note that all
det(®;;) > 0. Now we give it a name.

Definition 1.2.2. We say M is oriented if there exists an atlas such that for
any Ul N Uj 7é (Z), det(CI)”) > 0.

In this note, we always assume that M is oriented.

From this point of view, we see that the integral is more natural defined
on n-forms than the smooth functions.

For v € €°°(M, A" T*M) such that supp(«a) C U;, from the argument

above, if on U;, a = f - dasgi) A A dxﬁf), we see that the definition

/ Q= / f- dxgi) - dal) (1.2.9)
M n
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is meaningful.

As in (1.1.24), in multivariable calculus, the term dzy - - - dx, could be
explained as then n-form dxq A --- A dx,.

Now we want to integrate the n-form on the whole manifold. We intro-
duce the trick of partition of unity.

Partition of unity

In the definition of manifold, we assume that M is second countable.
From the knowledge of the topology, it implies that M is paracompact, that
is, each open covering of M admits a locally finite refinement. Thus in the
followings, we always assume that our covering of the atlas is locally finite,
i.e., each point only lives in finite charts.

Theorem 1.2.3 (Partition of unity). There exists a family of smooth func-
tions {@;} such that supp(y;) C U; and

Zcpi(x) =1 (1.2.10)

Remark that since we assume that {U;} is locally finite, for each x € M,
the sum in (1.2.10) is a finite sum.

Proof. We could choose an open covering {V;} such that V; C U;. Then we
could construct functions g; € €°°(M, R) such that V; C supp(g;) C U;. Thus
g(z) :=>, gi(x) > 0 for any x € M. Then we could take ¢; := g,;/g. O

For a n-form «, we have supp(p; - «) € U;. Thus from (1.2.9), we could
define

/Moz:/M(zi:goi(x))a:Zi:/M%-a. (1.2.11)

Note that our functions of partition of unity are not unique. We need to
check our definition in (1.2.11) does not depend on the choice of the partition
of unity. It is left to the reader.

Until now, we obtain the definition of the integration of a n-form. The
definition is naturally extended to the integration of any differential form by
taking [,, 3 = 0 for any 8 € €>°(M,A*T*M) for k < n.

Since we want to extend (1.2.2) to the manifold, we also need to define
the integration of a function.

From the construction of A"T*M, there exists nowhere vanishing n-form
(not unique) on M. Such a nowhere vanishing n-form is called a volume
form, usually denoted by duv,.
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Remark that the existence of the nowhere vanishing n-form implies that
A™T*M is a 1-dimensional trivial vector bundle (Since M is oriented).

After taking a volume form, we could define the integration of a function
f by taking the integration of f dv, € € (M, A" T*M).

Now for f,g € €°°(M,C), the classical Hermitian product is defined by

(F9) = [ fa) - Gards. (1.212)
M
We denote the norm by
1£1Z2 = (f. f). (1.2.13)
Let L?>(M) be the completion of the set {f € €<(M,C) : || f|lz: < +oo}
with respect to the norm || - ||z2. It is also a Hilbert space.

The next question is how to do these things for sections of a vector bundle?

The key point is how to do f(z) - g(z) for sections.

For vector bundle, the fiber is a vector space. Let m : E — M be the
projection. For each x € M, E, := 7 !(z) is a complex vector space and
f(x),g(x) € E, are vectors. From the knowledge of linear algebra, if there
is a Hermitian inner product (-,-), on E,, we could replace f(x) - g(z) by
(f(x),g(x)).. We also need the inner product (-,-), depends smoothly on z.

Usually, we also denote by
hy (f(2), 9(2)) = (f(@), 9(2))a- (1.2.14)

Note that hZ(-,-) is linear on the first variable and conjugate linear on the
second one. Such map is called the sesquilinear map.

Definition 1.2.4. The Hermitian metric is a smooth family {hf},cpr of
sesquilinear maps hZ : E, x E, — C such that hZ(£,£) > 0 for any € €

E:\{0}.

For the real vector bundle F', the corresponding metric is usually called
the Euclidean metric.

Definition 1.2.5. The Euclidean metric is a smooth family {gf'},car of
bilinear maps g~ : F, x F, — R such that ¢/ (£,£) > 0 for any & € F,\{0}.

Proposition 1.2.6. There always exist Hermitian metrics on E.

Proof. For any U; x C™, we could easily construct a smooth family of Hermi-
tian products h” on each fiber, e.g., taking the classical Hermitian product
on C™. Let {;} be a partition of unity with respect to {U;}. Then Y. p;hF
is a Hermitian metric. O
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Similarly, there always exist Euclidean metric on real vector bundles.

Definition 1.2.7. A Euclidean metric on T'M is called a Riemannian metric.
A manifold with a Riemannian metric is called a Riemannian manifold.

Remark that the Hermitian (Euclidean) metric is far from unique.
Let hf be a Hermitian metric on E. Now for f,g € €>°(M, E), the
Hermitian product is defined by

(f.9) = /M BE(f(2), g(x))dus. (1.2.15)

We denote the norm by

1£1Z2 = (f. f). (1.2.16)
Let L?*(M, E) be the completion of the set {f € €°(M,E) : || fllzz < +o0}
with respect to the norm || - ||z2. It is also a Hilbert space. Similarly, we

could denote the set of sections with compact support by €5°(M, E) and
€s°(M, E) is dense in L?*(M, E) with respect to the norm || - || 2.

Once we extend the set of sections to a Hilbert space, naively, we want
to extend the differential operator to

P:L*(M,E) — L*(M, F) (1.2.17)

If P is bounded, we could use a whole theory of functional analysis we learned
to study the differential operator.

Unfortunately, the world is not as good as we think.

We will see this from the easiest differential operator: The derivative <

dt
on 6y (R).

Proposition 1.2.8. The derivative
[RS P2

Proof. Let ¢ € €5°(R) such that ||¢||r2 = 1. Let ||‘2—f||L2 = C. Then

4

o s unbounded with respect to the norm

+oo +oo
w2l = [ ngande= [ pwa=1. 218)

—00 —00

2 +00 2
:/ n’ (d—go(nt)) dt
2 Jooo dt
—+00 2
:/ n’ (2—?@)) dt =n*C. (1.2.19)

Thus % is unbounded. ]

But

d
nlﬂacp(nt)
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Definition 1.2.9. Let W, W’ be two Banach spaces. Let P : W — W' be

a linear operator with domain D(P). We say P is a closed operator if for
x, € D(P), ©, — x, Px, — y, we have z € D(P) and y = Px.

4

o s a closed operator.

Proposition 1.2.10. The derivative

Proof. The domain of £ is ¢ (R). We take z,,(t) € € (R) and z,(t) —

2(t) € LA(R), 22 — y(t) € L*(R), then we have x,(t) — [ y(s)ds.

Thus z(t) = fioo y(s)ds. So z(t) € €L(R) and =8 = y(¢). O

dt

Theorem 1.2.11 (Closed graph theorem). Let W, W’ be two Banach spaces.
Let P: W — W' be a closed operator with domain D(P). If D(P) is closed,
then P is bounded.

This is my most hate theorem. It prevents us to extend the domain of the
derivative operator to the whole L?*(R). (If we could extend, closed graph
theorem implies % is bounded, which is a contradiction with Proposition
1.2.8).

For a large class of differential operator, we will meet the same obstruction
coming from the functional analysis.

In the history of the differential operator, there are two ways to overcome
this obstruction, any of them is not easy:

(1) reduce the Hilbert spaces to smaller Banach spaces, called the Sobolev
spaces, such that the differential operator is bounded on these Hilbert spaces
with respect to the new norms, which is the main purpose of this section;

(2) define the differential operator on a dense subset of the Hilbert space,
which is the main idea of our next chapter.

1.2.2 Sobolev space

In 19th century, Gauss studied the electrostatic field and posed a famous
problem, called the Dirichlet p_roblem, that for a domain Q C R?, find a
solution u(z,y) € €*(Q) N€°(Q) of

{ Au=0, inf, (1.2.20)

u|ag = f, f € ‘50(89)

Later, Riemann discussed this problem and stated the Dirichlet Principle.
For

I(u) = / Vul2dzdy,
0
u€A={ucE () :uy,u, € L* ulsg = f},

(1.2.21)
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I(u) > 0, thus inf4 I(u) exists. Riemann said there exists uy € A such that
up = inf 4 I(u). Then uy is the solution of (1.2.20).

In 1870, Weierstrass posed a counter example to explain that miny I(u)
may not exist. Sometimes, we cannot take uy € A such that uy = inf I(u).
Later, people recognized that even miny I(u) exists, it may not have the
enough regularity.

In 1900, Hilbert confirmed the Dirichlet Principle for the smooth bound-
ary. In his point of view, this is a very important problem, so that he posed
three problems about this in his famous 23 problems.

Later, Sobolev stated a strategy to handle this problem. Firstly, we
complete A into a complete space A with respect to some norm. In the
complete space A, obviously miny = inf;. Thus we could get a minimum
element uy € A. Then we could use other method to study the regularity of
it. This complete space is called the Sobolev space.

As usual, we first discuss the Sobolev space on R™. Since our main pur-
pose is to study the differential operator on manifold without boundary, we
will not discuss the boundary condition.

Let . be the set of C™-valued smooth function v on R™ such that for
any n-tuple o and k € N, there exists C, ; > 0, such that

a\al

—(2)| < Cus. (1.2.22)

1+ 12

It is called the Schwartz space or space of rapidly decreasing functions.
For u € ./, we define a norm ||u|; on this space by

=3 [ |5

lo| <K

a|u

&EO‘

da. (1.2.23)

In this part, we assume that all functions are C™-valued.

Definition 1.2.12. The completion of .# relative to the norm || - ||; is the
Sobolev space H*.

In order to do more things, we recall and summarize the knowledge of
Fourier analysis on R™.
Let u € L*(R™). The Fourier transform @ of u is defined by

u(&) = (2m)~"/? / ) e~ 1@y (z)dx. (1.2.24)

We denote by

(1.2.25)
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Proposition 1.2.13. For u € ., we have

Dou(g) = £*a(8), (1.2.26)
zou(€) = (-1 Dga(s), (1.2.27)

and the Plancherel’s formula
(u, U)LZ = (ZAL, ’[J)L2. (1228)

Recall that the convolution product * is defined by

uxv(x) = /n u(r — y)v(y)dy, (1.2.29)

for any u,v € .&.

Proposition 1.2.14. For u,v € ., we have
W-v="0%0, U*0=1-0. (1.2.30)

Proposition 1.2.15. The Fourier transform defines an isomorphism . —
. The inverse is given by

n

u(z) = (2#)_"/2/ @8 (€)de. (1.2.31)

From (1.2.23), (1.2.26) and (1.2.28), we have

lulf = ID*ulf = Y [Doullz = ) €7allz

la|<k o<k || <K
_ / S e | Jae)Pde. (12.32)
R\ ol <k
Since there exist ¢, co > 0 such that
a(l+1E)* < ) & <e(l+ €, (1.2.33)
|| <k

- || is equivalent to the norm [|u||/? given b
k8 y

lull? = [ 1+ hae)Pas (1.2.3)
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In some literatures, the weight part is (1 + |£|?)*. The norm defined by this
weight is also equivalent to || - ||x.
In Functional analysis, the Hilbert spaces with the equivalent norms are
topological isomorphism. Thus they could be regarded as the same space.
Following this way, we could define the Sobolev norm and the Sobolev
space of any order s, s € R.

Definition 1.2.16. For s € R and u € ., we define the s-th Sobolev norm
|- 1ls by

lull2 = [ 1+ b lae)Ps (12.35)

The completion of .¥ with respect to this norm is the Sobolev space H?.

For k € N, the uniform €*-norm of u € €* is defined by

lullZ := sup > D). (1.2.36)

la|<k
It is well-known that this norm is complete on any bounded domain.

Theorem 1.2.17 (Sobolev Embedding Theorem). For eachk € N, s > §+k,
s € R, there exists Cs > 0 such that for any u € .7,

[ullgr < Cluls. (1.2.37)
Thus there exists a continuous embedding
H* C ¢". (1.2.38)

Proof. From (1.2.31) and (1.2.26), for |af < s — 7,

|D%u| = (2m) /2

[ e mmgeas < e [ lelace
= (2m) 2 [ (L)L € e (e ldg

< oo ([ asia o) ([ asaiore)
(1.2.39)

Since s — |a| > 2, Koy i= [p. (1 + [])7271*Dd¢ is finite. Thus we have

|Dul? < (27r)*”/2Kéy/fHuH§. (1.2.40)
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Let Cs = (21) " 30 comn/a K2, we get (1.2.37).

For any u € H?, there exists a series u; € ., such that v; — u under
the norm || - ||s. Thus for any € > 0, there exists N > 0 such that for any
g, 0> N, ||u; —wlls < e/Cs. By (1.2.37), we have |Ju; — w|4» < . Since €*
is complete on a bounded domain, there exists v’ € €*, such that u; — v’
under the norm || - [|4x. We identify v’ € €% with u € H® to get a continuous
embedding H* C €*. ]

From (1.2.35), if s < ¢, we have
llulls < |Jull:- (1.2.41)
Thus we have the continuous embedding
H' cH°, s<t (1.2.42)
Moreover, by Sobolev embedding theorem, for 0 < s; < -+ < s < -+ -,
X cs C---H*C-.-H" C L*. (1.2.43)

Theorem 1.2.18. For sy > s > sy, then for any € > 0, there exists C; > 0,
such that for any u € H*?, we have

Jull2 < ellull?, + Ccllull?,. (1.2.44)

Proof. By (1.2.42), H*> ¢ H* ¢ H*. Thus v € H® and v € H*. From
Definition 1.2.16, we only need to prove for any ¢ € R", we have

(1+[€D* < e(1+ [g])* + Co(1 + [€])* (1.2.45)

Let p = (1+1£])? > 0. We need to prove p* < gp2 +C.p®t. Set A = !/(5279),

C. = A=6=s) Tt is equivalent to (Ap)®~* + (Ap)*~** > 1. This inequality

holds because if A\p > 1, the first part > 1, if A\p < 1, the second part < 1.
The proof of Theorem 1.2.18 is completed. 0

From Theorems 1.2.17 and 1.2.18, we have the following corollary.

Corollary 1.2.19. Fork € N, s > 5 +k, for any e > 0, there exists C. > 0,
such that for any uw € H®, we have

lulligr < ellulll + Cellull. (1.2.46)

Theorem 1.2.20 (Rellich Lemma). Let {u;} be a sequence of functions with
supp(uj) C B1(0) and there exists constant C > 0, such that ||u;||, < C.
Then for any s < t, there exists a Cauchy subsequence of {u;} with respect
to the norm || - ||s, thus converges in H".
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Proof. Take a smooth function ¢ € %3° such that ¢ = 1 on B". Thus
ou; = uj. By (1.2.30), 4; = ¢ * ;. So for any «,

Dgis(€) = [ (D)E ~ mis(n)dn. (1.2.47)

By the Cauchy-Schwarz inequality,
2P < [ (+ 1) 1D5eE — )
></ (1 + D) *|a;(n) Pdn = Ca(E)|luyll7, (1.2.48)

where Cy(§) = [ga (1 + |n])~*|Dg@*(§ — n)dn is finite, since ¢ € ., and
does not depend on u.

By (1.2.48), for any a, | Dg1;(&)| is uniformly bounded on compact subset
of R". Thus {;} is uniformly equicontinuous on compact subsets. By Ascoli-
Arzela Theorem, there is a subsequence of {@;} which is uniformly Cauchy
on compact subsets, which we also denote by {;}.

Fix r > 0.

|§|>r
+ /|£< (14 [€D)%1(&) — an()2de = A+ B. (1.2.49)
Note that

A< (14 )2 / (L4 €)1y (€) — 1y (€)]de

[€1>r
s —wlp _ 2
— (1+T)2(t—s) - (1+T)2(t—s)'

(1.2.50)

For any ¢ > 0, we take r large, such that 2C(1 + )29 < ¢/2. Note that

B < C"sup [i;(€) — ax(§)[. (1.2.51)

lgl<r

Since {4;} is uniformly Cauchy, there exists N > 0 such that for j,k > N,
3,(6) — ()P < =/(2C"). Thus for j k> N, lu; — ug? < <.
The proof of Theorem 1.2.20 is completed. O]

By Theorems 1.2.17, 1.2.20, we have the following corollary.
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Corollary 1.2.21. Let {u;} be a sequence of functions with supp(u;) C B1(0)
and there exists constant C > 0, such that ||u;||s < C. If s > 5 + k, then
there is a subsequence which converges to a function u € €y in the uniform
€*-norm.

The following theorem says that H™* = (H*)*.

Theorem 1.2.22. For u,v € .7, the bilinear function
() = [ a(€) - ()de (1.252)

has a continuous extension to H* x H™* for any s € R. Moreover, it identifies
H~% with the dual of H?, that is,

|lv]|—s = sup (u,v)' (1.2.53)

ucHSs uHs

Proof. For u,v € ., by the Schwarz inequality,

|(u, 0)| =

/n(l + &) a(§) - (1 + €))7 0()de) < [lullsllvfl-s. (1.2.54)

From the argument below (1.2.40), we see that the bilinear function (-, -) has
a continuous extension to H* x H™* for any s € R.

We choose u such that @(&) = 9(£)(1 + |£])~**. Then

[ulls = l[oll -5, (u,v) = /n [B(*(L + €N d¢ = [lv]|Z,.  (1.2.55)

Thus
sup 29 S il (1.2.56)
ucHs UHS
Then (1.2.53) follows from (1.2.54) and (1.2.56).
The proof of Theorem 1.2.22 is completed. [

Corollary 1.2.23. Let T : .Y — % and T* : &/ — . be linear maps such
that (Tw,v) = (u,T*v) for any u,v € .. For s € R, if there exists C' > 0
such that for any u € .7,

[Tulls < Cllulls, (1.2.57)

we have

I7*ul|- < Clull-.. (1.2.58)
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Proof. For u,v € ., by Theorem 1.2.22, we have

ucHS ||u||s ucHS? ||u||5
T s —s
< sup N7l Foll-— < Clv|l-s- (1.2.59)
wers lulls
The proof of Corollary 1.2.23 is completed. 0

Proposition 1.2.24. Let A be a smooth matriz valued function on R™ such

that |D*A| is bounded for any «. Then the map T : ¥ — . defined by
Tu = Au extends to a bounded linear map T : H®* — H? for s € Z.

Proof. For s > 0, there exists C' > 0, such that for any u € .,
|1Tuf, =) / D (Au)Pdr < C ) / |D*u|?dz = Clulls.  (1.2.60)
la|<s R la|<s R

By (1.2.28), we see that T*u = ATu. For s < 0, as in (1.2.60), we
have ||T*ul|_s < C||lu||—s. Since (T*)* = T, by Corollary 1.2.23, we have
[Tulls < Clfulls.

The proof of Proposition 1.2.24 is completed. ]

Now we want to establish Proposition 1.2.24 for s € R. We prove a lemma
first.

Lemma 1.2.25 (Peetre’s Inequality). For any £,n € R" and s € R, we have

1+ ¢\ N
<1+|77!> < (L4 €—n)". (1.2.61)

Proof. For s > 0, (1.2.61) follows from
A+1E) <1+ 1€ =nl+nf < T+ [0 +[€—nl). (1.2.62)

For s < 0, we use the same argument reversing £ and 7 and replace s by
—S. O

For a smooth matrix valued function A(z) = [a;;(z)] on R", wesay A € .
if for any i, j, a;;(x) € .. Then we could define A(&) = [a;;(£)]. In this case,
for u € 7, letting A xu = [, A(x — y)u(y)dy, by Proposition 1.2.14, we
have

— —_—

Au=Axa, Axu=Ad. (1.2.63)
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Theorem 1.2.26. Let A € . be a smooth matriz valued function. Then
the map T : % — .7 defined by Tu = Au extends to a bounded linear map
T :H° — H® for s € R, i.e., there exists C > 0 such that for any u € .7,
we have

lAull, < Cllul.. (1.2.64)

Proof. For any u € ., by (1.2.35) and (1.2.63), we have
Al = [ 1+ 1eD Au(e) e
2

= [ | [ A d

(1+—|€’)2SA N2 235 ()[2
< [ (] Gl - ki) 10+ b aePan. (1205

From (1.2.22) and Lemma 1.2.25, for k > [s|+ %, k € N, there exists C > 0,
such that

(1 + ‘§|>28 e 2 _ 2|s|—2k
/R" (1 i ‘77|>23’A<5 77)’ df S Ck /}Rn<1+ |§ 77’) df

= Ck/ (14 €)= d¢ < +oo. (1.2.66)

Let C = Cy, [ (1 + [€])%17%d¢. By (1.2.65),
[Aulls < Cllulls. (1.2.67)

The proof of Theorem 1.2.26 is completed. 0

In order to define the Sobolev space on manifolds, we introduce another
equivalent Sobolev norm for s € R, which is due to Hérmander.

Proposition 1.2.27. For 0 < s < 1, the s-th Sobolev norm is equivalent to
the following norm for any u € & :

1
folt = (1o + [ [ MOt 00y (12:68)

Proof. By Newton-Leibniz’s formula,

u(z) —u(y) = (xr —y) - /0 Vu(tz + (1 — t)y)dt. (1.2.69)
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By (1.2.69), since s < 1,

|2
/n /n |ZE— |n+28 dxdy

o // fo (V) (t + (1 —t)y )|dt) i

o ’x_y’nJrQs 2

/ / fO VU tl‘+y)|dt> e
ray
‘ I i n " |x|n+2s 2

<C’Z/ |x’n+2s 2/ / [(Vu)( tl’+y)|2dydtd:c<+oo. (1.2.70)

laf=1

From (1.2.24), letting u,(y) := u(x + y), we have
@ () = e“Da(g). (1.2.71)

Thus from Plancherel’s formula (1.2.28) and (1.2.71), we have

y)|* 1
/n /n |$ — |”+25 o g 0 dy - |:Lv|n+25 |u(x + y) - u(y)|2dydx
~ |€'L (z,€)
= J e e s = | / (e e

(1.2.72)

By replacing & to T¢, where T is an orthogonal rotation, we see that [, [¢"™) —
1|%|z]™" ?*dz depends only on [£]. By replacing £ to a, a € R, we see that
it is homogeneous of degree 2s. Thus by (1.2.93),

ei@8) —12|z| T 2de = C4)E|*, C, > 0. (1.2.73)

R

Therefore, we have

2
// yx—yyn+2s| drdy = Cs . €[ [a(€)|*de. (1.2.74)

Since there exist ¢, C' > 0 such that c(1 + [£]*) < (14 [£])* < C(1 + [€]*),
we see the two norms are equivalent.
The proof of Proposition 1.2.27 is completed. ]
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Corollary 1.2.28. For s >0, s=m+o0 withm € N, 0 <o < 1, the s-th
Sobolev norm is equivalent to the following norm for any u € .7

[NIES

o |Du(r) — Du(y)[?
lalli= | 2 1oeules 3 [ [ PRI g,
la|<m || <m

(1.2.75)

Proof. By (1.2.74), we have

Da D<o 2 o
| P B ey ¢, [ DT P

=C, [ [P Na(e)Pde. (1.2.76)
e

Then Corollary 1.2.28 follows directly. [
For s < 0, as in (1.2.53), we define

|ull’, = sup (u,v)‘ (1.2.77)

veH—s /UH/—S
Proposition 1.2.29. Let Q and Q' be bounded open subsets of R™. Let
O Q — Q be a diffeomorphism. Let K C € be a compact subset and

K' = ®(K). Then for s € R, there exists ¢,C > 0 such that for any
u € 65°(K'),

cllulls < |luo @||s < Cllulls. (1.2.78)
Proof. Since ® is a diffeomorphism, we only need to prove
[wo @|[s < Cllulls (1.2.79)

because the other inequality follows from considering ®~!.
We denote by U = u o ®. Let |[D®!| be the Jacobian determinant of
d~1. Set

O(x) — P
By, =sup |D®7 Y, By =sup M (1.2.80)
K>

K |£L‘ - yl
Set ' = ®(x), ¥y = ®(y). Then for s = 0, (1.2.79) follows from

\U(2)| dx—/ lu(x)P|D® da' < By | |u(z)]*dz. (1.2.81)
R

Rn
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For 0 < s < 1, we have

U(y)

2
u - J—
/ / Ix— y|nres dxdy_/ / Y 7 —y |n+2s)’ |D™H ()| DO (y')|da'dy’
2 pn+t2s |u )|2 131
< BB, I"”S dr'dy’. (1.2.82)

Then by Proposition 1.2.27, we have ||ju o ®||s < C||ulls.

Now we proceed by induction. Let x' € 65°(€2') such that x' =1 on K'.
Assume that (1.2.79) holds for any 0 < s < k, k € N. For k < s < k+ 1,
1 <5 < n, by Theorem 1.2.26, we have

ID?U(@)l[s-1 < 1D7u(@) D7 @ () [|s—1 = | D7 u(a")X' () D! @ ()||s-1
< O|D7u(a)| -1 (1.2.83)

Since 1+ [€]? < (1 + [£])? < 2(1 + [£]?), we have
lulls—y + Z ID7ulls—y < flulls < 2flulliy + Qi ID7ulls—y. (1.2.84)
From (1.2.83), (1.2.84) and the assumption for the induction, we have
IUIZ < 201U05- + 2i ID7UI15-
< Cllulls—y + Ci ID7ulls—y < Clulli. (1.2.85)

Therefore, (1.2.79) holds for any s > 0.
For s < 0, we use the duality of H* and H™*. Let y € %5°(£2) such that
X =1 on K. Then by (1.2.56) and Theorem 1.2.26, for any v € .%, we have

(0, U)] = |[(xav, U)| = |(xv 0 @', u[D®|)| < [[xv o @[ DLl
< lIxvo @7 H|[IX[D®lulls < Cllvl|-s[lulls. (1.2.86)
Therefore,

o 1@ O
2 ol

The proof of Proposition 1.2.29 is completed.

[uo @l =

< Cllulls. (1.2.87)
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Now we start to define the Sobolev space on the manifold.

Definition 1.2.30. Let M be a Riemannian manifold and £ be a vector
bundle over M with Hermitian metric. Let K C M be a compact subset.
Let {U,, ¢} be alocally finite atlas of M such that E is trivial on U; and K
is covered by finite charts. Let {h,} be a partition of unity. Then for s € R,
the Sobolev s-norm can be defined on u € ¢5°(K, E) by

lull? := > lI(haw) 0 6212 (1.2.88)

The completion of €5°(M, E) in this norm is the Sobolev Hi(K, E). If M
is compact, we set H*(M, E) := Hi(M, E). We often denote it by H*(FE) if
there is no confusion.

This norm is of course highly non-intrinsic. However, Theorem 1.2.26
shows that || - ||s is independent of the choice of local chart and partition of
unity up to equivalence. Proposition 1.2.29 shows that || - ||s is independent
of the choice of coordinate transformation up to equivalence.

Proposition 1.2.31. The equivalence class of the norm || - ||s is independent
of the atlas and the partition of unity.

Proof. Let {Vy,1¥,} be a locally finite atlas of M such that E is trivial on
Vy and K is covered by finite charts.. Let {g,} be a partition of unity with
respect to this new atlas. Note that if U,NV) # 0, we see that supp(ha-gx) C
U, N V). By Theorem 1.2.26 and Proposition 1.2.29, for u € € (K, F), we
have

NRREETEDY) [ orav Ry
<CZHh "9 u) WH —CZHh oxw) 06" 0 (e 0w
<CZH gx e - w) 1|| <CZ|| o) oo 2. (1.2.89)

2

The proof of Proposition 1.2.31 is completed. 0

For the setting in Definition 1.2.30, we define the €’*-norm by

lullgn = lI(haw) 0 63" 15 (1.2.90)
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As in Proposition 1.2.31, the equivalence class of the norm || - || is inde-
pendent of the atlas and the partition of unity.

Let V be a connection on E. Given u € ¢€>°(M, FE), we have Vu €
€ (M, T*M ® FE). Using the tensor product connection on T*M ® E, we
have VVu € €*°(M,T*M ® T*M ® E). This process continues, for any
s € N, we define

|2 = Z/ V- Yufdy,. (1.2.91)

i tlmes

Proposition 1.2.32. The norm || - || in (1.2.91) is equivalent to || - ||x in
(1.2.60) for k € N.

Proof. By (1.2.91), we have

= ZZ/ g2 0 5

DA (V)
2

Z (D" + Ay) -+ (D% + Ay (wo oy Y| du,. (1.2.92)

1<y, i;<n
Then Proposition 1.2.32 follows from (1.2.23) and (1.2.88). O

From Proposition 1.2.32; the norm in (1.2.91) is independent of the met-
rics on T'M and F and the connection V up to equivalence. Sometimes, we
use (1.2.91) as the definition of the Sobolev norm.

For k € N, the uniform ¢*-norm of u € 6} (K, E) is defined by

ull % == sup > | V- Vul” (1.2.93)

lo|<k  j times

As in Proposition 1.2.32, this norm is equivalent to that in (1.2.90). Since K
is compact, this norm is complete.

Now we generalize Theorems 1.2.17, 1.2.18, 1.2.20, 1.2.22 and Proposition
1.2.24 to the global case. The proof of the following theorem is obvious, which
is left as an exercise.

Theorem 1.2.33. Let E and F' be vector bundles over a manifold of dimen-
ston n.
(1) (Rellich’s theorem) For any s,t € R, s < t, the inclusion map

L HY(K, B) — H3(K, E) (1.2.94)
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is a compact operator, i.e., . sends any bounded subset of Hy(K, E) to rela-
tively compact subset of Hi (K, E), equivalently, a set with compact closure.

(2) (Sobolev embedding theorem) For each k € N and each s > 5 + k,
there is a continuous inclusion H(K, E) C 65 (K, E), that is, for any u €
CKOOO(K7 E);

Jullgr < Csllulls. (1.2.95)

Furthermore, by (1), every sequence {u; € 65°(K, E)} which is bounded in
the || - ||s norm has a subsequence which converges in the uniform €*-norm.

(3) For sy > s > s1, then for any ¢ > 0, there exists C. > 0, such that
for any v € H (K, E), we have

lull? < ellull?, + Cellull,. (1.2.96)
In particular, for s > 5 +k, k> 1,
lullzr < ellull? + Ccllull. (1.2.97)

(4) For any Riemannian volume element dv on compact manifold M, the
bilinear map on € (M, E) x €°(M, E*) given by setting

(u,v*):/MU*(u)dv (1.2.98)

has a continuous extension to H*(E) x H™*(E*) for any s € R. Moreover,
it identifies H™*(E*) with the dual of H*(E), that is,

*
wers(5) ||l

(1.2.99)

(5) Multiplication Tyu := Au by any A € 65°(K,Hom(E, F) := F @ E)
extends to a bounded linear map Ty : HY(K, E) — H (K, F) for all s € R.



